Abstract. In this paper, we proved that for an affine variety V ∈ A n , O V is a sheaf of regular functions and the ringed space pair (V, O V ) is a locally ringed space.
Proposition 1.11. Let X ⊂ A n be a subset and p / ∈ X. Then there exists G ∈ k[x 1 , · · · , x n ] such that G(q) = 0 ∀q ∈ X but G(p) = 1.
Proof. As X X ∪ {p}, I(X ∪ {p}) I(X). Hence there exists F ∈ k[x 1 , · · · , x n ] such that F ∈ I(X) but F / ∈ I(X ∪ {p}). Consider G =
F F (p)
. Then G(q) = 0 ∀q ∈ X but G(p) = 1. Definition 1.12 : Let I be an ideal in a ring A. The radical of I is √ I := {a ∈ A | a n ∈ I f or some n > 0}.
Note that √ I is an ideal. An ideal I ⊂ A is called radical ideal if I = √ I which is equivalent to say I = √ J for some ideal J.
Example 1.13 : Let X in A n be a algebraic set. Then I(X) is a radical ideal. For if F ∈ rad(I(X)), then F n ∈ I(X) for some n. Hence F n (p) = 0 for all p ∈ X. This says that F (p) = 0 for all p ∈ X and so f ∈ I(X).
Remark 1.14 : (1) For any ideal I, I ⊂ I(Z(I)).
(2) For any algebraic set X ∈ A n , Z(I(X)) = X i.e. Z • I is the identity map on the set of algebraic sets.
The weak form of Hilbert Nullstellensatz (refer to [1] ) provides all maximal ideals in k[x 1 , · · · , x n ]. Theorem 1.15 (Weak Hilbert Nullstellensatz). The maximal ideals in k[x 1 , · · · , x n ] are precisely the ideals of the form (x 1 −a 1 , · · · , x n −a n ) for some point p = (a 1 , · · · , a n ) in A n .
Corollary 1.16. Every ideal I k[x 1 , · · · , x n ] has Z(I) = ∅.
Proof. I being a proper ideal is contained in a maximal ideal M. By Theorem 1.15, M = (x 1 − a 1 , · · · , x n − a n ) for some point p = (a 1 , · · · , a n ) in A n . Hence {p} = {(a 1 , · · · , a n )} = Z(M) ⊆ Z(I), so Z(I) = ∅. Definition 1.17 : Two ideals I, J in a ring R are said to be comaximal if I + J = R. Proposition 1.18. Two ideals I, J in k[x 1 , · · · , x n ] are comaximal if and only if Z(I) ∩ Z(J) = ∅.
Proof. Let ideals
But then 1(p) = 1 = 0, a contradiction. Hence our assumption is wrong and Z(I) ∩ Z(J) = ∅.
Conversely, let Z(I) ∩ Z(J) = ∅. As I, J ⊂ I + J, we have Z(I + J) ⊂ Z(I) ∩ Z(J). This says that Z(I + J) = ∅. Hence by Corollary 1.16,
Now the next theorem gives the precise relation between I and I(Z(I)) (refer to [1] ).
This corollary is immediate consequence of the Strong Hilbert Nullstellensatz theorem.
, then I(Z(I)) = I. So there is one to one correspondence between radical ideals and algebraic sets. 
Proof. Consider
) is a maximal ideal. In-particular (x 2 + 1) is a prime ideal and hence radical ideal. But Z(I) = ∅ and I(Z(I)) = I. Definition 1.22 : A topological sapce X is called reducible if we can write X = X 1 ∪ X 2 , where both X 1 and X 2 are closed subsets of X not equal to X. Otherwise X is called irreducible.
Note that for any non-empty open sets U, V in an irreducible topological space X, U ∩ V = ∅ (for otherwise X = U C ∪ V C would be reducible). This says that X is not Hausdorff.
Let X be an irreducible topological space and U be a non-empty open subset of X. ThenŪ = X. For ifŪ = X, then ∅ =Ū C ⊂ U C and X = U C ∪Ū is reducible.
Remark 1.23 : Let X be an irreducible topological space and let U ⊂ X be a nonempty open subset. Then U is irreducible.
Proof. Let if possible U is reducible and
C ∩ U = ∅ and hence U ∩ U C = ∅ a contradiction. Hence U is irreducible.
Remark 1.24 :
The only irreducible subsets of a Hausdroff topological space are the points.
Proof. Let Y be the subset of X and x, y ∈ Y, where x = y. The there exists open neighbourhoods U of x and V of y such that
The following result (refer to [1] ) connects the algebraic property of I(X) and the geometric properties of X ⊂ A n .
Proposition 1.25. An algebraic set X ⊂ A n is irreducible if and only if I(X) is a prime ideal.
n , {p} is irreducible. For if p = (a 1 , · · · , a n ), then I({p}) = (x 1 − a 1 , · · · , x n − a n ) is a maximal ideal and hence prime ideal. So by Proposition 1.25, {p} is an irreducible algebraic set. Proof. I(X) = I(Z(I)) = rad(I). But as I is prime ideal, rad(I) = I. Hence I(X) = I is a prime ideal and by above Proposition 1.25, X = Z(I) is irreducible. Corollary 1.28. If I is a prime ideal, then Z(I) is irreducible. So there is on to one correspondence between prime ideals and irreducible algebraic sets. The maximal ideals correspondence to points.
is prime element and so (F ) is a prime ideal. Hence by Remark 1.27, Z(F ) is irreducible.
Here are some illustrative examples.
, which implies (y − x 2 ) is a prime ideal and hence by Remark 1.27, X = Z(y − x 2 ) is irreducible.
The following example illustrates the dependence of irreducibility condition of an algebraic set on the choice of the field k. The set of real numbers R is not algebraically closed but the set of complex numbers C is algebraically closed. 
2 ) and hence {1 + I, x + I, y + I, xy + I} is a basis of
Remark 1.33 :
A n is not a Hausdroff topological space.
Proof. A n itself is irreducible (Example 1.30) and hence by Remark 1.24, A n is not a Hausdroff topological space..
As an application of Hilbert Basis Theorem,we have the following theorem (refer to [1] ). Theorem 1.35. Every affine algebraic set X ⊂ A n is the intersection of finitely many hypersurfaces.
Next we want to show that every affine algebraic set X is the union of finitely many irreducible algebraic sets. Definition 1.36 : A topological space X is called Noetherian, if every descending chain X ⊃ X 1 ⊃ X 2 ⊃ · · · of closed subsets becomes stationary. Proposition 1.37. Any closed subspace Y of Noetherian topological space X is Noetherian.
is a descending chain of closed subsets in X and X is Noetherian. Thus the chain becomes stationary. This proves that Y is a Noetherian topological space.
Remark 1.38 :
A n is a Noetherian topological space.
is Noetherian ring and hence above ascending chain of ideals in k[x 1 , · · · , x n ] becomes stationary i.e there exists N such that I(Z(I N +i )) = I(Z(I N )), i ≥ 1. This implies for i ≥ 1, Z(I(Z(I N +i ))) = Z(I(Z(I N ))) i.e Z(I N +i ) = Z(I N ). Hence the descending chain of closed sets in A n becomes stationary and hence A n is a Noetherian topological space.
Theorem 1.39 ([1]
). Every Noetherian topological space X is upto reordering in a unique way a finite union X = X 1 ∪· · ·∪X r of irreducible closed subsets with X i X j for i = j.
The set X ′ i s are called irreducible components of X. Corollary 1.40. Every affine algebraic set X in A n is upto reordering in a unique way a finite union X = X 1 ∪ · · · ∪ X r of irreducible closed subsets with X i X j for i = j.
Proof. As A n is a Noetherian topological space, by Proposition 1.37, any affine algebraic set X in A n is Noetherian topological space. Hence by Theorem 1.39, the result follows.
The coordinate ring
In this section too, known definitions and results are from [1] . Definition 2.1 : An irreducible affine algebraic set in A n (for some n) is called an affine variety.
In this section, we call affine varieties by simply varieties.
is a integral domain. We let Γ(V ) =
, call it the coordinate ring of V.
For any (non-empty) set V , we let J (V, k) be the set of all functions from V to k. With usual addition and multiplication of functions, J (V, k) is a ring. It is usual to identify k with the subing of J (V, k) consisting of all constant functions.
The polynomial functions form a subring of J (V, k) containing k. Denote the subring of polynomial functions by J p (V, k). 
Proof. Define a map
Clearly, φ is an onto ring homomorphism. Hence φ is an isomorphism. Proposition 2.5. Any polynomial function from V to k = A 1 is continuous.
Hence f is continuous. 
Remark 2.7 : V is a point in A n if and only if Γ(V ) ∼ = k.
Proof. Let V = {p} = {(a 1 , · · · , a n )}, then I(V ) = I({p}) = (x 1 − a 1 , · · · , x n − a n ).
p). Clearly,φ is an onto ring homomorphism with ker(φ) = I(V ). This implies Γ(V ) =
. By Theorem 1.15, I(V ) = (x 1 − a 1 , · · · , x n − a n ) for a point p = (a 1 , · · · , a n ) ∈ A n . Hence V = Z(I(V )) = {p} = (a 1 , · · · , a n ) and the claim follows. Definition 2.8 : Let V ∈ A n be a variety. A subvariety of V is a variety W ∈ A n which is contained in V.
Given a subvariety W of V, I(W ) is a radical ideal. Hence the ideal
of Γ(V ), is a radical ideal. Also the ideal
is prime (respectively maximal) if W is irreducible (respectively point). Denote
Remark 2.9 : Let W be a subvariety of a variety V, then
Proof. Define a map φ : Γ(V ) → Γ(W ) by
, we have F ∈ I(W ) and hence F + I(W ) = I(W ). Hence φ is a well defined onto ring homomorphism. Note that kerφ = I V (W ). Indeed,
Definition 2.10 :
Any function φ : V → W induces a homomorphismφ : 
Proof. Defineφ(F +I(W )) = (F •φ)+I(V ). Thenφ is well defined: For if
Hence φ induces a well defined ring homomorphism between Γ(W ) and Γ(V ). Proposition 2.12. Let V ∈ A n , W ∈ A m be varieties. There is a natural one-to-one correspondence between the polynomial maps φ : V → W and the homomorphisms φ : Γ(W ) → Γ(V ). Proposition 2.12 shows that two varieties are isomorphic if and only if their coordinate rings are isomorphic.
Example 2.13 : The projection map pr :
Corollary 2.14. The composition of polynomial maps is a polynomial map.
Proof. Let φ : V → W and ψ : W → Z be polynomial maps. Thenψ • φ =φ •ψ, henceψ • φ is a ring homomorphism and by Proposition 2.12, ψ • φ is a polynomial map.
Proposition 2.15. If φ : V → W is a polynomial map, then φ is continuous.Inparticular, if φ is onto then for an algebraic subset X of W, irreducibility of φ −1 (X) implies the irreducibility of X.
, which is an closed subset of V. Hence φ is continuous.
Suppose φ is onto and for an algebraic subset X of W, φ
Since φ is onto, this implies either X ⊂ X 1 or X ⊂ X 2 . Hence X is irreducible.
As an application of the Proposition 2.15, we can test irreducibility.
. φ is an onto polynomial map and A 1 is irreducible (by Example 1.30). As We say that the rational function f on V is defined at p ∈ V if for some represen-
Field of rational functions
Definition 3.3 : Let p ∈ V. We define O p (V ) to be the set of rational functions on V which are defined at p. It is easy to note that O p (V ) forms a subring of k(V ). 
Remark 3.6 : A rational function f ∈ O p (V ) defines the value at p.
. Hence, f defines a value at p by f (p) =
.
Lemma 3.7. The following conditions on a ring R are equivalent:
(1) The set of non-units in R forms an ideal.
(2) R has unique maximal ideal which contains every proper ideal of R.
As an application of above Lemma 3.7, we have following:
is the unique maximal ideal.
Proof. Define the evaluation map φ : Example 3.12 : Given ring homomorphism φ : R → S, take a prime ideal q of S, then p = φ −1 (q) is a prime ideal of R and the induced ring homomorphism φ : R p rightarrowS q is a local ring homomorphism. Proposition 3.14. Let V ⊂ A n , W ⊂ A m be varieties and φ : V → W be a polynomial map. Let φ(p) = q, then φ induces a local ring homomorphismφ :
Proof. Defineφ(
. It is easy to check thatφ is a well defined ring
This impliesφ(f ) ∈ M p (V ) and soφ(M q (W )) ⊂ M p (V ). This proves the claim.
Sheaf of Regular Functions
Recall definitions of Presheaves, sheaves, and inductive limits from [2] . Let V ⊂ A n be affine variety and let X ⊂ V be open. Define
O V (X) is called ring of regular functions on X and it is a subring of
Remark 4.1 : It is easy to check that O V is a sheaf of ring of regular fuctions.
Definition 4.2 :
A ringed space is a pair (X, F X ), where X is a topological space and F X is a sheaf of rings on X.
Definition 4.3 : Let X be a topological space equipped with a presheaf ( or a sheaf ) F . Then, for any point x ∈ X, we call O p (V ) is the stalk O V,p for p ∈ V. As we have seen for p ∈ V , O p (V )(= O V,p ) is a local ring with unique maximal ideal M p (V ), (V, O V ) is a locally ringed space.
